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2QH FDQ VHH WKDW WZRHLJHQYDOXHVRI 4Ö FRLQFLGHZLWKHDFKRWKHUDQGDUHHTXDO WR]HUR
  O  ZKLOH WKH WKLUG RQH LV HTXDO WR  S O  ,W IROORZV IURP (TV DQG  WKDW HLJHQ
YDOXHV O FRUUHVSRQGWRWUDQVYHUVHHOHFWURPDJQHWLFZDYHVZLWKORFDOGLVSHUVLRQODZ  QNS  
RU  FN Z  N LV WKH ORFDO ZDYH QXPEHU ZKLOH WKH HLJHQ YDOXH O FRUUHVSRQGV WR WKH
ORQJLWXGLQDO ZDYH ZKLFK FDQ H[LVW RQO\ DW UHVRQDQFHVZKHUH  Q >@ ,QZKDW IROORZVZH
DVVXPH WKDW VXFK UHVRQDQW SRLQWV LI WKH\ H[LVW DUH ZHOO RII WKH UHJLRQ RI SURSDJDWLRQ DQG
ORQJLWXGLQDOZDYHVDUHQRWH[FLWHG7KHWUDQVYHUVHZDYHVWDWHLVGRXEOHGHJHQHUDWHGWKDWSUHVHQWV
SRODUL]DWLRQ GHJHQHUDWLRQ RI WUDQVYHUVH HOHFWURPDJQHWLF ZDYHV D SKHQRPHQRQZHOONQRZQ LQ
JHRPHWULFDORSWLFVRI LVRWURSLFPHGLD>@DQGFRUUHVSRQGVWRWKHVSLQGHJHQHUDWLRQRIHQHUJ\
OHYHOV RI UHODWLYLVWLF TXDQWXP SDUWLFOHV 1RWH DOVR WKDW XQLWDU\ WUDQVIRUPDWLRQ ZLWK Ö S8 LV
HTXLYDOHQWWRWKHORFDOURWDWLRQRIWKHFRRUGLQDWHIUDPHLQVXFKDZD\WKDW ] D[LVLQHDFKSRLQWLV
GLUHFWHG DORQJ S LW FDQ EH VHHQ IURP WKH FRPSDULVRQ RI (T ZLWK WKH LQLWLDO PDWUL[
LM L M4 S S 7KHUHIRUHLQWKHQHZFRRUGLQDWHIUDPHWKHHOHFWULFILOHG( RIWKHORQJLWXGLQDOVWDWHLV
GLUHFWHG SUDFWLFDOO\ DORQJ ] D[LV ZKLOH WKH HOHFWULF ILHOG RI WUDQVYHUVH VWDWHV OLHV DOPRVW LQ
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,I PRPHQWXP S DQGFRRUGLQDWHV U DUHRUGLQDU\FRPPXWLQJQXPEHUV WKHSRWHQWLDOSDUWRI WKH
+DPLOWRQLDQ  LVDVFDODU Q  +RZHYHUZKHQHOHFWURPDJQHWLFZDYHRUTXDQWXPSDUWLFOH LV
FRQFHUQHGWKHPRPHQWXPDQGFRRUGLQDWHVDUHQRQFRPPXWLQJTXDQWLWLHVWKDWFDQEHUHSUHVHQWHG
E\ GLIIHUHQWLDORSHUDWRUV7KHUHIRUHLQS UHSUHVHQWDWLRQLQ(TZHKDYH
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LV D SXUH JDXJH QRQ$EHOLDQ SRWHQWLDO LQGXFHG LQ WKHPRPHQWXP S VSDFH E\ WKH ORFDO JDXJH
WUDQVIRUPDWLRQ Ö 88 >@ ,Q DFFRUGDQFH WR WKH JDXJH ILHOG WKHRU\ DQG +DPLOWRQLDQ
PHFKDQLFV LQ(T 5 DUHFDQRQLFDO RUJHQHUDOL]HG LQFODVVLFDOPHFKDQLFVFRRUGLQDWHVWKDW
FRUUHVSRQGWRWKH³XVXDO´GHULYDWLYHV Sww LN  $WWKHVDPHWLPHREVHUYDEOHLHUHODWHGWRµWKH
FHQWHURIWKHSDUWLFOH¶FRRUGLQDWHVUÖ FRUUHVSRQGQRZWRWKHFRYDULDQWGHULYDWLYHV
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0DWUL[YDOXHGFRRUGLQDWHV LUÖ FRPPXWHZLWKHDFKRWKHU @ÖÖ>  ML UU  EHFDXVHWKHSRWHQWLDOLV
D SXUHJDXJHRQHDQGFRUUHVSRQGLQJILHOGWHQVRULV]HURVHH>@FRPSDUHDOVRZLWK>@
7KXV HTXDWLRQDIWHUVXEVWLWXWLRQV(TVWDNHVWKHIRUP
  > @ ÖÖÖÖ   /  ($5 N,QS,  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
$OWKRXJKWKLVHTXDWLRQKDV+DPLOWRQLDQRIDGLDJRQDOIRUPWKHSRWHQWLDOHQHUJ\ Q FRQWDLQVD
QRQGLDJRQDOJDXJHYHFWRUSRWHQWLDO$Ö  7KLVSRWHQWLDOGHVFULEHVDOOQRQWULYLDOLHWKRVHWKDWDUH
QRW FRQQHFWHGWRWKHFXUUHQWHLJHQYDOXHVRI WKHLQLWLDO+DPLOWRQLDQHYROXWLRQVRI WKHGLIIHUHQW
SRODUL]DWLRQVWDWHVRIWKHZDYH'LUHFWFDOFXODWLRQRI(TZLWK(TOHDGVWRWKHIROORZLQJ
H[SUHVVLRQVIRUWKH+HUPLWLDQDQWLV\PPHWULFPDWULFHV
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,Q WKHVH H[SUHVVLRQV u VHFWRUV WKDW FRQVLVW RI    DQG  HOHPHQWV GHVFULEH WKH
HYROXWLRQ RI WKH GRXEOH GHJHQHUDWHG WUDQVYHUVH VWDWHV WKH ]HUR FRPSRQHQW  DFWV RQ WKH
ORQJLWXGLQDOVWDWHZKLOHWKHFURVVFRPSRQHQWVDQGGHVFULEHWKHWUDQVLWLRQVEHWZHHQ
WUDQVYHUVHDQGORQJLWXGLQDOZDYHVWDWHV
$GLDEDWLFUHGXFWLRQDQGVHSDUDWLRQRIHLJHQVWDWHV$V LWZDVPHQWLRQHGDERYH LI
WKHUHVRQDQFHSRLQWVZKHUH   ZUQ DUHIDUDZD\IURPWKHUHJLRQRISURSDJDWLRQORQJLWXGLQDO
ZDYHV DUH QRW H[FLWHG 7KHQ LQ VPRRWKO\ LQKRPRJHQHRXV PHGLXP WKH HOHFWULF ILHOG LV DOPRVW
WUDQVYHUVH   \[ ((#(  DQG WKH ORQJLWXGLQDO FRPSRQHQW RI WKH HOHFWULF ILHOG ]( LV
SURSRUWLRQDOWRWKHVPDOOJHRPHWULFDORSWLFVVHPLFODVVLFDOSDUDPHWHU>@
 

 /QNP  
ZKHUH / LV WKH FKDUDFWHULVWLF VFDOH RIPHGLXP LQKRPRJHQHLW\2I WKH VDPHRUGHU P  DUH WKH
FURVVVWDWH WHUPV ZKLFK DSSHDU LQ WKH PRWLRQ HTXDWLRQV IURP WKH PDWUL[ RSHUDWRU  ,W LV
NQRZQ WKDW LQWKLVFDVHWKHLUFRQWULEXWLRQWRWKHVWDWHVHYROXWLRQLVSURSRUWLRQDOWR P VHHIRU
H[DPSOHLQ>@DQGWKHUHIRUHLQWKHILUVWDSSUR[LPDWLRQLQ P RQHVKRXOGQHJOHFWDQG
 FRPSRQHQWVRI $Ö  7KHQ WKH LQLWLDOJDXJHSRWHQWLDO 8 LVUHGXFHGWR  88 u WKDW
FRUUHVSRQGVWRWKHDGLDEDWLFDSSUR[LPDWLRQVHHIRULQVWDQFHLQ>@$VLWLVVKRZQLQ
>@ WKH DGLDEDWLFLW\ FRQGLWLRQ IRU D QRQORFDOL]HG SURSDJDWLQJ SDUWLFOH ZLWK VWDWLRQDU\
+DPLOWRQLDQ LVHTXLYDOHQW WRDVHPLFODVVLFDOFRQGLWLRQVLPLODU WR(T7KXV WKH WUDQVYHUVH
DQG ORQJLWXGLQDO ZDYH VWDWHV EHFRPH LQGHSHQGHQW DQG HTXDWLRQ  EUHDNV GRZQ LQWR u
PDWUL[HTXDWLRQ IRU WKH WUDQVYHUVH VWDWHVDQGD VFDODUHTXDWLRQ IRU WKH ORQJLWXGLQDORQH0DWUL[
HTXDWLRQIRUGLPHQVLRQDOWUDQVYHUVHHOHFWULFYHFWRUILHOG  \[ (( a  ( KDV WKHIRUP
  > @ aÖÖÖ     ($5 WUN,QS,  
+HUH ,Ö LV u XQLWPDWUL[ Ö WU$ GHQRWHV WKH ³WUDQVYHUVH´ u VHFWRU RI WKH FRUUHVSRQGLQJ
u PDWULFHV(T,QWKHDGLDEDWLFDSSUR[LPDWLRQ Ö   / WU DQGLWGLVDSSHDUVDWFRQYHUVLRQ
RI (TLQWR(T
$V LWLVZHOONQRZQIURPWKH%HUU\SKDVHDQGVSLQJDXJHILHOGWKHRULHVWKHSRWHQWLDO Ö WU$ 
WKDWFRUUHVSRQGVWRGRXEOHGHJHQHUDWHGVWDWHLVD 8 QRQ$EHOLDQJDXJHSRWHQWLDOZKLFKFDQ
EH GHFRPSRVHG LQWR IXOO VHW RI QRQFRPPXWLQJ 3DXOL PDWULFHV VHH IRU LQVWDQFH >@
+RZHYHU DV RQH FDQ VHH IURP WKH H[SOLFLW IRUP RIPDWULFHV ZKHQ LW FRPHV WR SKRWRQV
PDWUL[ Ö WU$ LVSURSRUWLRQDOWRWKHVLQJOH3DXOLPDWUL[ ÖV 
     ÖÖ V¸¸¹·¨¨©§  \[ ][\[ ]\WU SSS SSSSS SS$  ¸¸¹·¨¨©§  Ö L LV  
&RPSRQHQWV RI Ö WU$ FRPPXWH ZLWK HDFK RWKHU ZKLFK PHDQV WKDW Ö WU$ UHSUHVHQWV $EHOLDQ
SRWHQWLDO  888 u  2EYLRXVO\ZHFDQ URWDWH WKH UHIHUHQFH IUDPH LQ VXFK DZD\ WKDW
ÖV WUDQVIRUPVLQWR ¸¸¹
·¨¨©
§
 
ÖV  DQGSRWHQWLDO Ö WU$ EHFRPHVGLDJRQDO6XFKXQLIRUPURWDWLRQ
LV H[HFXWHGE\WKHJOREDOVXEVWLWXWLRQ <Öa WU9 ( ZLWK
 ¸¸¹
·¨¨©
§
 LL9 WU
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
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  
ZKLFK GLDJRQDOL]H HTXDWLRQ  DQG WKHUHIRUH EUHDNV LW GRZQ LQWR WZR LQGHSHQGHQW VFDODU
HTXDWLRQV
  <rr+           + S Q N S Qr  r rª º ª º    ¬ ¼ ¬ ¼5 $ U  
ZKHUH   LN Nr   r w w U S $ DUH WKH RSHUDWRUV RI WKH FRRUGLQDWHV RI µWKH SKRWRQ¶V FHQWHU¶
FRYDULDQW FRRUGLQDWHV DQDORJRXVO\ WR (T +HUH ZH GHQRWH   <<{ <   IDFWRU LV
LQWURGXFHGIRUFRQYHQLHQFHDQG 8 JDXJHSRWHQWLDOVDUHHTXDOWR
     ¸¸¹·¨¨©§ r r   \[ ][\[ ]\ SSS SSSSS SS$  
7KXV ZHKDYH UHGXFHG WKH LQLWLDOYHFWRU SUREOHPRI WKH HYROXWLRQRI DSRODUL]HGZDYH WR WZR
LQGHSHQGHQWVFDODUHTXDWLRQVZLWKDGGLWLRQDOJDXJHSRWHQWLDOVFRPSDUHZLWKVFDODUDQG
YHFWRUJHRPHWULFRSWLFVLQ>@
,W ZRUWK QRWLFLQJ WKDW WZR IXQFWLRQV [ \( L(r<  B VHH (T UHSUHVHQW EDVLV RI
FLUFXODUO\ SRODUL]HG ZDYHV ,W PHDQV WKDW RQO\ FLUFXODUO\ SRODUL]HG VWDWHV DUH WKH LQGHSHQGHQW
HLJHQ VWDWHV RI WUDQVYHUVH HOHFWURPDJQHWLF ZDYH >@ ,W LV TXLWH QDWXUDO EHFDXVH WKHVH
VROXWLRQVDUHWKHSKRWRQVSLQHLJHQVWDWHVZLWKKHOLFLWLHV r VHHIRULQVWDQFH>@2IFRXUVH
ZHFRXOGDSSO\WKHWUDQVIRUPDWLRQGLUHFWO\WRWKHGLPHQVLRQDOHTXDWLRQ,QWKLVFDVH
WUDQVIRUPDWLRQPDWUL[9Ö LVHTXDOWR
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
2QHFDQVHHWKDWFROXPQVRIWKLVPDWUL[DUHWKHHLJHQYHFWRUVRIWKH ] FRPSRQHQWRIWKHSKRWRQ
VSLQ RSHUDWRU ÖV >@ 7KLVIDFWVXSSRUWVRXUFRQFOXVLRQWKDWIXQFWLRQV [ \( L(r<  B FRUUHVSRQG
WR WKHLQGHSHQGHQWSKRWRQVSLQVWDWHV
0RQRSROH W\SH ILHOG LQ WKH PRPHQWXP VSDFH DQG QRQFRPPXWLQJ FRRUGLQDWHV$IWHU 8 $EHOLDQJDXJHSRWHQWLDOVKDYHEHHQIRXQG(TWKHFRUUHVSRQGLQJILHOGWHQVRUV
%HUU\FXUYDWXUHVFDQEHFDOFXODWHGGLUHFWO\ZKLFK\LHOGV
 S
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
ZKHUH LMNH LV XQLW DQWLV\PPHWULF WHQVRU (T SUHVHQWV WKH PDJQHWLFPRQRSROHOLNH ILHOG
WKRXJKQRWLQWKHUHDOEXWLQWKHPRPHQWXPVSDFHVHHIRUH[DPSOH>@
6LQFH S VSDFHLVDGLPHQVLRQDORQHWKHILOHGFDQEHUHSUHVHQWHGDVDSVHXGRYHFWRU

S
S) B r  
(DV\ WRVHH WKHVHILHOGVDFWLQ S VSDFHRQWKHGLIIHUHQWVSLQSRODUL]DWLRQHLJHQVWDWHVRIWKH
SKRWRQ  r<  LQ RSSRVLWH GLUHFWLRQV $V LV NQRZQ VXFK ILHOGV FDXVH VSLQ FXUUHQW RI SDUWLFOHV
RUWKRJRQDO WR WKHLUPRWLRQ >@ :KHQ SKRWRQV DUH FRQFHUQHG WKH\ OHDG WR WKH
WRSRORJLFDOVSOLWWLQJRI ULJKWDQGOHIWFLUFXODUO\SRODUL]HGEHDPVSKRWRQV>@
,QDUHFHQWSDSHU>@QRQ$EHOLDQVSLQJDXJHSRWHQWLDODQGILHOGKDYHEHHQGHULYHGIRUD
UHODWLYLVWLF SDUWLFOH ZLWK DUELWUDU\ VSLQ )RU PDVVOHVV SDUWLFOHV WKLV ILHOG KDV WKH PDJQHWLF
PRQRSROHW\SHFRQILJXUDWLRQZKLFKLVFKDUDFWHULVWLFIRU$EHOLDQ 8 ILHOG$VZHKDYHVKRZQ
DERYH IRUSKRWRQVQRQ$EHOLDQJDXJH ILHOG 8 LV LQGHHGGHFRPSRVHG LQWR WZR LQGHSHQGHQW
$EHOLDQ 8 ILHOGV
)URP (T ZLWK SRWHQWLDOV  DQG ILHOGV   LW IROORZV WKDW FRRUGLQDWHV RI
FLUFXODUO\SRODUL]HGZDYHVGRQRWFRPPXWHVHH>@
     NL M LM LMN SU U LN ) LN H S
r r  r ª º   ¬ ¼ B  
,PSRUWDQWWRHPSKDVL]HWKDWQRQ]HURILHOGWHQVRUVDQGFRPPXWDWLRQUHODWLRQVDSSHDURZLQJ
WR WKH DGLDEDWLF UHGXFWLRQ  888 uo LQ WKH JDXJH SRWHQWLDO   ,Q WKHJHQHUDO
8 FDVHSRWHQWLDOLVDSXUHJDXJHRQHDQGWKHILHOGWHQVRUDVZHOODVWKHFRRUGLQDWH
FRPPXWDWRUVDUH]HUR>@
6HPLFODVVLFDO UD\ HTXDWLRQV WRSRORJLFDO VSLQ WUDQVSRUW RI SKRWRQV DQG %HUU\
SKDVH ,I WKH YDULDWLRQV RI WKH UHIUDFWLYH LQGH[ DUH VPRRWK HQRXJK VR WKDW WKH VHPLFODVVLFDO
FRQGLWLRQLVVDWLVILHG+DPLOWRQLDQHTXDWLRQVRIPRWLRQIRUSKRWRQVUD\HTXDWLRQVFDQEH
GHULYHGLQJHRPHWULFDORSWLFVDSSUR[LPDWLRQ>@DQGKDYHWKHIRUP
 5S w
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
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D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ZKHUHGRWGHQRWHVWKHGHULYDWLYHZLWKUHVSHFWWRWKHUD\SDUDPHWHU V  ZKLFKLVFRQQHFWHGZLWKWKH
UD\ OHQJWK O DV QGVGO   )URPQRZRQPRPHQWXP S LV D GLPHQVLRQOHVVZDYH YHFWRU QRW D
GLIIHUHQWLDO RSHUDWRU DV DERYH NS  N  ZKLOH rU DUH WKH FRRUGLQDWHV RQ WKH UD\V RI FLUFXODU
SRODUL]DWLRQV$WWKDWWKHGLVSHUVLRQUHODWLRQ QS  LVYDOLG8SRQVXEVWLWXWLQJ+DPLOWRQLDQ
LQWR(TVZHREWDLQ>@


Q
r
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
(TV DUHWUDQVIRUPHGLQWRVWDQGDUGJHRPHWULFDORSWLFVHTXDWLRQV>@LIWKHWHUPSURSRUWLRQDO
WR N LV QHJOHFWHG 7KLV WHUP UHSUHVHQWV D /RUHQW]W\SH IRUFH RI WKHPDJQHWLFPRQRSROHOLNH
ILHOGLQPRPHQWXPVSDFHZKLFKFDXVHVDGGLWLRQDOGHIOHFWLRQVRIFLUFXODUO\SRODUL]HGUD\V
Gr r U U U  ZKHUHU LVWKHFRRUGLQDWHVRQWKH]HURDSSUR[LPDWLRQUD\7KHVHGHIOHFWLRQVFDQEH
FDOFXODWHGE\WKHLQWHJUDWLRQRIWKHODVWWHUPLQVHFRQG(TDQGLVSUHVHQWHGDVWKHFRQWRXU
LQWHJUDO>@
 ³ u r
& S
GN  SSU BG  
ZKHUHFRQWRXU& LVWKHZDYHWUDMHFWRU\LQWKHPRPHQWXPVSDFH
/RUHQW]W\SH IRUFH VLPLODU WR WKDW LQ (T DOVR DULVHV DW WKH QRQUHODWLYLVWLF HOHFWURQ
PRWLRQZLWKVSLQRUELWLQWHUDFWLRQZKHUHLWOHDGVWRWKHDQRPDORXVDQGLQWULQVLFVSLQ+DOOHIIHFWV
>@ ,Q RXU FDVH WKH IRUFH VSOLWV WKH WUDMHFWRULHV RI ULJKW DQG OHIW FLUFXODUO\ SRODUL]HG
ZDYHV DQGKHQFH LQGXFHVSKRWRQ VSLQ FXUUHQWRUWKRJRQDO WR WKHYHFWRU S  7KXV WKH WHUP WKDW
SURSRUWLRQDO WR N LQ HTXDWLRQ  DQG (T SUHVHQWV WKH WRSRORJLFDO VSLQ WUDQVSRUW RI
SKRWRQV ZKLFKFDQEHDVVRFLDWHGZLWKLQWULQVLF VSLQ+DOOHIIHFWIRUSKRWRQVVHH>@2QHRI
WKH PDQLIHVWDWLRQV RI WKH /RUHQW]W\SH IRUFH LQ (T VRFDOOHG RSWLFDO0DJQXV HIIHFW KDG
EHHQGLVFRYHUHGLQ>@5HFHQWO\HTXDWLRQVKDYHEHHQGHULYHGDQGDQDO\VHGLQGHWDLOVLQ
WHUPVRIJHRPHWULFDORSWLFVDQG%HUU\SKDVHIRUPDOLVPLQ>@DQGE\SRVWXODWLQJPRQRSROH
ILHOG   LQJHRPHWULFDO RSWLFV HTXDWLRQV LQ >@ ,Q WKHSUHVHQWSDSHUZHSUHVHQW WKH
ILUVW ULJRURXV GHULYDWLRQ RI WKH PRQRSROH JDXJH ILHOG   DQG WUDQVSRUW HTXDWLRQV 
GLUHFWO\ IURP0D[ZHOOHTXDWLRQV
1RWH%HUU\SKDVHFDQDOVREHGHGXFHGIURPWKHDSSURDFKVXJJHVWHGDERYHVHH>@
,QGHHG WKHVHPLFODVVLFDOSKDVHLVGHWHUPLQHGLQWKHFDQRQLFDOJHQHUDOL]HGFRRUGLQDWHVDQGIRU
FLUFXODUO\SRODUL]HGZDYHVHTXDOV

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
+HUH WKH FRQQHFWLRQ EHWZHHQ REVHUYDEOH DQG JHQHUDOL]HG FRRUGLQDWHV (T DVZHOO DV WKH
UHODWLRQV G r AU S  (TV  DQG r A$ S  (T KDYH EHHQ XVHG S LV WKH LQLWLDO
PRPHQWXP WHUP WZ LQ WKH SKDVH LV RPLWWHG )LUVW WHUP LQ(T LV WKHRUGLQDU\G\QDPLF
SKDVH7KHVHFRQGWHUPLVWKH%HUU\SKDVHZKLFKIRUFORVHGFRQWRXUVORRSVFDQEHSUHVHQWHGDV
WKHIOX[RIWKHILHOGWKURXJKWKHVXUIDFH 6  ZKLFKLVVWUHWFKHGRYHUWKHORRS& LQ S 
VSDFH
 V)S$ GG
6&
% ³³ rr   T  
)RU QRQFLUFXODUO\ SRODUL]HG HOHFWURPDJQHWLF ZDYHV %HUU\ SKDVH OHDGV WR WKH URWDWLRQ RI WKH
SRODUL]DWLRQSODQHGHVFULEHGWKHRUHWLFDOO\LQ>@VHHDOVR>@DQGREVHUYHGH[SHULPHQWDOO\LQ
>@
7RSRORJLFDOSRODUL]DWLRQVSOLWWLQJRIUD\VLQDSHULRGLFDOO\
LQKRPRJHQHRXVPHGLXP
$VDQH[DPSOHRIWKHHIIHFWVGHVFULEHGDERYHZHFRQVLGHUWKHGHIOHFWLRQRIUD\VLQDWZR
GLPHQVLRQDOO\SHULRGLFPHGLXP$QDGYDQWDJHRIWKLVV\VWHPLVWKDWEHLQJUHODWLYHO\VLPSOHIRU
DQDO\WLFDO DQDO\VLV LW HQDEOHV RQH WR GHPRQVWUDWH WKHPRVW JHQHUDO IHDWXUHV RI WKH WRSRORJLFDO
SRODUL]DWLRQVSLQVSOLWWLQJLQLQKRPRJHQHRXVPHGLD2QWKHRWKHUKDQG'SHULRGLFV\VWHPVDUH
LQWHUHVWLQJ E\ WKHPVHOYHV EHFDXVH WKH\ ILQG HYHU LQFUHDVLQJ DSSOLFDWLRQV LQ RSWURQLFV DQG
QDQRWHFKQRORJ\ SKRWRQLF FU\VWDOV QDQRVWUXFWXUHG GLHOHFWULFV HWF 1RWH WKDW LQ RQH
GLPHQVLRQDOO\LQKRPRJHQHRXVPHGLDZKHUHDOOUD\VDUHIODWFXUYHVWKHWRSRORJLFDOHIIHFWVOLNH
%HUU\SKDVHDQGSRODUL]DWLRQVSOLWWLQJRIUD\VQHYHURFFXU>@
/HW XVDVVXPHWKDWWKHUHIUDFWLYHLQGH[RIWKHPHGLXPRISURSDJDWLRQLVJLYHQE\
    > @EFF  \[QQQ VLQFRV  U  
ZKHUH  QQ  DQG  SE  LV D FRQVWDQW SDUDPHWHU )URP QRZ RQ ZH DVVXPH WKDW
SDUDPHWHUV RI WKH V\VWHP DUH DZD\ IURP WKH UHVRQDQFH RQHV DQG JHRPHWULFDO RSWLFV DQG
SHUWXUEDWLRQPHWKRGVDUHDSSOLFDEOH7KHDSSUR[LPDWLRQVLQXVHDUHFHUWDLQO\DSSOLFDEOHZKHQWKH
VDPSOH LV QRW WRR ORQJ DQG WKH EDFNVFDWWHULQJ LV QHJOLJLEOH 7KH FRQGLWLRQ RI YDOLGLW\ RI WKH
JHRPHWULFDO RSWLFV DSSUR[LPDWLRQ (T PHDQV LQ WKH FDVH (T WKDW WKH SHULRG RI WKH
PHGLXPLQKRPRJHQHLW\VKRXOGEHPXFKODUJHUWKDQWKHZDYHOHQJWKRIWKHUDGLDWLRQ
 

NQ
F  
7R FDOFXODWH UD\ GHIOHFWLRQV  ZH ILUVW ILQG WKH ]HURDSSUR[LPDWLRQ UD\ WUDMHFWRU\
ZKLFK LV GHWHUPLQHG E\ JHRPHWULFDO RSWLFV HTXDWLRQV  ZLWK WKH ODVW WHUP LQ WKH VHFRQG
HTXDWLRQRPLWWHG6XEVWLWXWLRQRI(TLQ\LHOGV
    > @FRVVLQ

 EFFF  \[QS  SU    
:H VROYH WKLV V\VWHP RI QRQOLQHDU GLIIHUHQWLDO HTXDWLRQV E\ WKH SHUWXUEDWLRQ PHWKRG XQGHU
DVVXPSWLRQWKDWWKHYDULDWLRQVRIWKHUHIUDFWLYHLQGH[DUHVPDOOLQDPSOLWXGH
 


  Q
QG  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
,I LQ]HURRUGHUDSSUR[LPDWLRQLQG WKHUD\KDVWKHPRPHQWXPZDYHYHFWRU    ]\[ SSS S
DQGFURVVHVWKHRULJLQ  U  WKHQLQWKHILUVWRUGHUDSSUR[LPDWLRQLQ G WKHVROXWLRQRI(T
JLYHV WKHIROORZLQJWUDMHFWRU\RIWKHZDYHLQS VSDFH
 VSSQSS [[[[ 


 FRV F   EF  VSSQSS \\\\ 


 VLQ  ]] SS   
'HIOHFWLRQVRIFLUFXODUO\SRODUL]HGUD\VFDQEHIRXQGGLUHFWO\IURP(TE\VXEVWLWXWLQJ
 DQG VXEVHTXHQW LQWHJUDWLRQ ,W DOVR FDQ EH HVWLPDWHG XVLQJ UDWKHU FRQYHQLHQW JHRPHWULFDO
PHWKRG SURSRVHG LQ >@ ZKHUH LW KDV ZDV VKRZQ WKDW LQ WKH FDVH RI FORVHG LQ S VSDFH
WUDMHFWRULHV WKH GHYLDWLRQ RI WKH FLUFXODUO\ SRODUL]HG UD\ LV HTXDO WR WKH S JUDGLHQW RI %HUU\
SKDVH LH
 SU w
w r %N TG   
%HUU\ SKDVH JURZV ZLWK WKH UD\ OHQJWK DQG LWV LQFUHPHQW GXULQJ RQH SHULRG RI WKH F\FOLF
HYROXWLRQLQS VSDFHLVHTXDOWRWKHIOX[RIWKHILHOG r) WKURXJKFRQWRXU&  (TV
LH WR WKH VROLG DQJOH : ZLWK WKH FRUUHVSRQGLQJ VLJQ DWZKLFK FRQWRXU & LV VHHQ IURP WKH
RULJLQ RIS VSDFHVHH(TDQG>@
/HWXVDQDO\]HWKHUD\VORFDWHGLQ]HURJHRPHWULFDORSWLFVDSSUR[LPDWLRQLQ  \[ SODQH
7R GRWKLVZHDVVXPHWKDW  o]S LV LQILQLWHO\VPDOOYDOXHLWLVQHFHVVDU\IRUGLIIHUHQWLDWLRQLQ
(TDQGLQWURGXFHWKHDQJOHRISURSDJDWLRQD  DVWKHDQJOHEHWZHHQ S DQG [ D[LV


WDQ
[
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S
S D  
,I WKH DQJOH SD   LH  SSS \[    DFFRUGLQJ WR (T WKH WUDMHFWRU\ & LQ
PRPHQWXP VSDFH LV D FLUFOH LQ  \[ SS  SODQH ZLWK WKH FHQWUH DW WKH SRLQW S DQG UDGLXV


  SQ )LJD6RIDUZHKDYHDVVXPHGWKDW  E LQ(T$WLQILQLWHO\VPDOO ]S WKLV
FLUFOH LV VHHQ IURP WKH RULJLQ RI S VSDFH DV DQ HOOLSVHZLWK WKH VHPLD[HV   QQ U DQG



  QSQ ] U  7KH DUHD RI WKLV HOOLSVH HTXDOV   QSQ ] USU  ZKLOH WKH VROLG DQJOH
HTXDOV   QSQ ]S :  +HQFHWKH%HUU\SKDVHSHURQHSHULRGRIWKHLQKRPRJHQHLW\LVHTXDOWR
 




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SQ ]
%
ST B  
,Q RQHSHULRGWKHUD\UXQVWKHOHQJWK FS   O  DQGDIWHUDQXPEHURIDSHULRGVZKHQWKH
GHIOHFWLRQVEHFRPHQRWLFHDEOH%HUU\SKDVHEHFRPHVDSSUR[LPDWHO\
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O ]
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
ZKHUH O LVWKHWRWDOOHQJWKRIWKHUD\%\VXEVWLWXWLQJ(TLQWR(TZHREWDLQ
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


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FG r r|  
1RWH WKDW LQ VSLWH RI WKH IDFW WKDW %HUU\ SKDVH (TV  HTXDOV ]HUR DW   ]S  WKHLU
PRPHQWXP JUDGLHQW(TVLVDILQLWHTXDQWLW\FRPSDUHZLWKH[DPSOHVLQ>@
(T PHDQVWKDWULJKWKDQGDQGOHIWKDQGFLUFXODUO\SRODUL]HGUD\VSURSDJDWLQJLQ  \[ 
SODQH DW SD  DUH GHIOHFWHG LQ WKH RSSRVLWH ] GLUHFWLRQV LH WKH SRODUL]DWLRQ WRSRORJLFDO
WUDQVSRUW RI HOHFWURPDJQHWLF ZDYHV LQ SHULRGLFDO PHGLXP (T WDNHV SODFH ,I
HOHFWURPDJQHWLF ZDYH KDV PL[HG SRODUL]DWLRQ WKH UD\ ZLOO VSOLW LQWR WZR FLUFXODUO\ SRODUL]HG
HLJHQ UD\V >@ 7KH HIIHFW EHLQJ RI RUGHU RI WKH VPDOO SDUDPHWHU FN  LV QHYHUWKHOHVV
SURSRUWLRQDOWROHQJWKO RI WKHWUDMHFWRU\DQGWKHUHIRUHFDQEHVLJQLILFDQWDWODUJHGLVWDQFHV

,W VKRXOG EH QRWHG WKDW WZRGLPHQVLRQDOO\ LQKRPRJHQHRXV PHGLXP XQGHU FRQVLGHUDWLRQ
SRVVHVVHV7(DQG70H[DFWHLJHQPRGHV+RZHYHUOLQHDUELUHIULQJHQFHRIWKH7(DQG70PRGHV
RIWKHV\VWHPLVSURSRUWLRQDOWRWKHVHFRQGSRZHURIWKHVPDOOJHRPHWULFDORSWLFVSDUDPHWHU
VHHIRULQVWDQFH>DQGWKXVVKRXOGEHQHJOHFWHGLQWKHDSSUR[LPDWLRQLQXVH:HHPSKDVL]H
DOVRWKDWWKHUHIOHFWLRQV\PPHWU\RIWKHPHGLXPDQGRIWKH7(DQG70HLJHQPRGHVZLWKUHVSHFW
WR WKH  ] SODQHGRHVQRWFRQWUDGLFWWRWKHGHIOHFWLRQVRIWKHUD\VLQ ] GLUHFWLRQV7KHPDWWHULV
WKDW WKHUHLVQRWUDQVYHUVHWUDQVSRUWRIWKHHLJHQPRGHV+RZHYHUWKHLULQWHUIHUHQFHLQWKHFRXUVH
RI UD\ SURSDJDWLRQ OHDGV WR WKH HIIHFWLYH GHIOHFWLRQ RI WKH FLUFXODUO\ SRODUL]HG UD\ ZKLFK LV
VXSHUSRVLWLRQRI DQXPEHURIPRGHV7KLV LV FRQQHFWHGZLWK WKH UHIOHFWLRQ DV\PPHWU\ IRU WKH
FLUFXODUO\ SRODUL]HG UD\V ,QGHHG UHIOHFWLRQ WUDQVIRUPDWLRQ FKDQJHV WKH VLJQ RI WKH KHOLFLW\
0D[ZHOO HTXDWLRQV DUH DOVR QRW V\PPHWULFDO ZLWK UHVSHFW WR WKH ULJKW DQG OHIW FLUFXODU
SRODUL]DWLRQV PLQG RSSRVLWH VLJQV RI JDXJH ILHOGV IRU ULJKW DQG OHIW SRODUL]DWLRQV LQ(TV
 7KXV WKHVHDV\PPHWULHVFDXVHWRSRORJLFDOVSLQWUDQVSRUWXQGHUFRQVLGHUDWLRQ
3URSDJDWLRQRI OLJKW LQ'SKRWRQLF FU\VWDOVKDVEHHQ FRQVLGHUHG LQ UHFHQWSDSHU >@ ,W
ZDV VKRZQ WKDW D VPRRWK LQKRPRJHQHLW\ VXSHULPSRVHG RQ WKH SHULRGLF FU\VWDO VWUXFWXUH FRXOG
LQGXFH WRSRORJLFDO VSLQ WUDQVSRUWRIHLJHQPRGHV ,QGLVWLQFWLRQ IURP>@ZHKDYHVKRZQWKDW
SRODUL]DWLRQWUDQVSRUWRIUD\VFDQH[LVWLQSHUIHFWO\SHULRGLFV\VWHPLWVHOI
7R LQYHVWLJDWHLQGHWDLOVWKHGHSHQGHQFHRIWKHUD\GHIOHFWLRQRQWKHDQJOHRISURSDJDWLRQD  DQGRQSDUDPHWHU E ZKLFKFKDUDFWHULVHVWKHSRVLWLRQRIWKHUD\ZLWKUHVSHFWWRWKHSHULRGLF
ODWWLFH QXPHULFDO FDOFXODWLRQ RI WKH LQWHJUDO LQ (T ZLWK (T KDG EHHQ FDUULHG RXW
)LJVVKRZWKHGHIOHFWLRQ ]G RIULJKWKDQGFLUFXODUO\SRODUL]HGEHDPDVDIXQFWLRQRIWKHDQJOH
RI SURSDJDWLRQD  DWWZRVDPSOHVRIGLIIHUHQWOHQJWKV/ ZLWK E  7KHH[LVWHQFHRIWKHZHOO
SURQRXQFHG SHDN DURXQG SD  FDQ EH XQGHUVWRRG LI RQH UHFDOOV WKDW WKH GHIOHFWLRQ LV
SURSRUWLRQDO WR WKH RULHQWHG DUHD ERXQGHG E\ WKH RQHSHULRG UD\ WUDMHFWRU\ LQ S VSDFH 7KH
WUDMHFWRU\ IRU SD  LV GHSLFWHG LQ )LJD ,I P DWDQ RU P DFRW  ZKHUH !P LV DQ
LQWHJHUQXPEHU LQ)LJVEDQGF  P DQG  UHVSHFWLYHO\ WKHWUDMHFWRULHVDUHFORVHGOLQHV
DQG WKH WRWDO RULHQWHG DUHD RI D RQHSHULRG F\FOH HTXDOV ]HUR DVZHOO DV %HUU\ SKDVH DQG UD\
GHIOHFWLRQ $W D ORQJHU VDPSOH )LJE D QXPEHU RI UHVRQDQWOLNH SHDNV DW GLIIHUHQW DQJOHV
SD z DULVH 7KHVH SHDNV RFFXU DW DQJOHV WKDW FRUUHVSRQG WR QRQFRPPHQVXUDEOH YDOXHV RI
[S DQG \S  LHWRLUUDWLRQDOYDOXHVRI DWDQ  7KDWLVZK\WKHSLFWXUHKDVUDQGRPOLNHVWUXFWXUH
$FWXDOO\ WKH QRQFRPPHQVXUDELOLW\ RI [S DQG \S JLYHV ULVH WR EUHDNLQJ RI WLPHUHYHUVDO
V\PPHWU\ WKLV LV QHFHVVDU\ IRU %HUU\ SKDVH DQG DFFRPSDQLHG SKHQRPHQD IRU UD\ XQGHU
FRQVLGHUDWLRQ ,QGHHG WKHFRUUHVSRQGLQJ WUDMHFWRULHV IRU VXFK UD\V LQ S VSDFHDUHRSHQDQG LQ
JHQHUDO HQFORVH QRQ]HUR RULHQWHG DUHDV 7KH DUHD FKDQJHV LWV VLJQ DW WLPHUHYHUVDO
WUDQVIRUPDWLRQ ,Q VDPSOHVRI ILQLWH OHQJWKSHDNVRFFXUDW UDWLRQDOYDOXHVRI DWDQ LI / LV OHVV
WKDQ WKH SHULRG RI ZDYH WUDMHFWRU\ LQ LQILQLWH PHGLXP 7KLV FRQGLWLRQ JLYHV WKH IROORZLQJ
HVWLPDWHIRUWKHFKDUDFWHULVWLFZLGWKRIWKHSHDNV
 a /FGD  
,Q WKHOLPLW fo/ WKHSHDNVH[LVWDW LUUDWLRQDOYDOXHVRI DWDQ  $PSOLWXGHVDQGZLGWKVRIWKH
SHDNV LQ)LJVDJUHHFORVHO\ZLWK(TDQGHVWLPDWHUHVSHFWLYHO\
)LJV DG SUHVHQW WKHGHSHQGHQFHVRI WKHUD\GHIOHFWLRQ ]G RQWKHDQJOHRISURSDJDWLRQ
D DWGLIIHUHQWYDOXHVRISDUDPHWHU E  7KHPD[LPXPYDOXHRI ]G GHFUHDVHVZLWKLQFUHDVLQJ E
DQGFKDQJHVVLJQDW E  S  ,WVKRXOGEHQRWHGWKDWZKHQ SE   WKHGHIOHFWLRQ r]G YDQLVKHVDW
SD   EXWRFFXUVZLWKWKHRSSRVLWHVLJQVMXVWQHDUWKH SD   ,WFDQEHDOVRXQGHUVWRRGE\
FRQVLGHULQJ WKHZDYH WUDMHFWRU\ LQ S VSDFH$W SE  DQG SD  LW LV OLQH GHJHQHUDWHG
FRQWRXU DQG]HURDUHDFRUUHVSRQGVWRLW%XWZKHQ SE  DQG JSD   ZLWK J  WKH
WUDMHFWRU\ LV DQ RSHQ FXUYH IRU ILQLWH /  WKDW GHSLFWHG TXDOLWDWLYHO\ DW )LJG 2EYLRXVO\ LW

HQFORVHVQRQ]HURRULHQWHGDUHDDQGWKHVLJQRIWKLVDUHDFRUUHODWHVZLWKWKHVLJQRI J FRPSDUH
ZLWK )LJE
)LQDOO\ OHW XV GLVFXVV WKH SRVVLELOLW\ RI WKH H[SHULPHQWDO REVHUYDWLRQ RI WKH SUHGLFWHG
HIIHFW,IIRUH[DPSOH  G   (TJLYHV   ] ] ] / /G G O  ' {  | ZKHUH    N QO S 
DQG   / S F LVWKHSHULRGRIWKHLQKRPRJHQHLW\+HQFHWRJHW ]' ODUJHUWKDQWKHZDYHOHQJWK
RQH QHHGVDVDPSOHORQJHUWKDQWHQLQKRPRJHQHLW\SHULRGV // !  1RWHWKDWWKHOHQJWKHQLQJ
RI WKHVDPSOHOHDGVLQDFFRUGDQFHZLWK(TDOVRWRWKHQDUURZLQJRIWKHSHDNDQGFDQPDNH
LW LQGLVFHUQLEOH7KHVSOLWWLQJFRXOGEHREVHUYHGIRUH[DPSOHE\XVLQJDFRQYHUJLQJIRFXVHG
EHDP ZKRVHZLGWKQHDUWKHIRFDOVSRWLVRIWKHRUGHURIDIHZZDYHOHQJWKV:KHQWKHVSOLWWLQJLV
WRR VPDOOWRSURGXFHWZRVHSDUDWHEHDPVRIGLIIHUHQWSRODUL]DWLRQWKHHIIHFWFDQEHHYLGHQFHGE\
PHDVXULQJ WKH SRODUL]DWLRQ VWUXFWXUH RI WKH EHDP ,QGHHG HYHQ VPDOO VSOLWWLQJ RI WKH
µPDWKHPDWLFDO¶ UD\ RI WKH OLQHDU SRODUL]DWLRQ LQWR WZR FLUFXODUO\ SRODUL]HG UD\V FDXVHV WKH
DSSHDUDQFHRIWKHRSSRVLWHVLJQFLUFXODUSRODUL]DWLRQVDWWKHRSSRVLWHVLGHVRIWKHLQLWLDOO\OLQHDUO\
SRODUL]HGSK\VLFDOEHDP>@$QRWKHUH[SHULPHQWDOSRVVLELOLW\LVWRREVHUYHWKHSURSDJDWLRQRID
VLQJOH FLUFXODUO\SRODUL]HGEHDPDQGWRPHDVXUHWKHGHIOHFWLRQRILWVFHQWHURIJUDYLW\WKDWFDQEH
GRQH ZLWKWKHDFFXUDF\PXFKKLJKHUWKDQWKHZLGWKRIWKHEHDP
&RQFOXVLRQ
)LUVW REVHUYDWLRQ RI WKH SRODUL]DWLRQ WUDQVSRUW RI HOHFWURPDJQHWLF ZDYHV LQ LVRWURSLF
LQKRPRJHQHRXVPHGLXPLVGXHWR=HO
GRYLFKHWDO>@'LIIHUHQWWKHRUHWLFDOH[SODQDWLRQVIRU
WKLV RSWLFDO 0DJQXV HIIHFW KDYH EHHQ VXJJHVWHG EDVHG RQ WKH PRGH DSSURDFK UD\
DSSUR[LPDWLRQ DQG VSLQRUELW LQWHUDFWLRQRISKRWRQV5HFHQW WKHRUHWLFDO LQYHVWLJDWLRQV >@
VKRZWKDWWKLVHIIHFWKDVSXUHWRSRORJLFDOQDWXUHDQGLVFORVHO\UHODWHGWR%HUU\SKDVH,Q>@
LW KDVEHHQGHPRQVWUDWHGLQWKHIUDPHZRUNRI WKHFODVVLFDOJHRPHWULFDORSWLFVZKLOH LQ>@
WKH FRQWHPSRUDU\ JDXJH ILHOG DSSURDFK ZDV XVHG *DXJH ILHOG (TV  KDYH EHHQ
LQWURGXFHGLQ>@RXWRIDJHQHUDOUHDVRQLQJDOWKRXJKZLWKRXWDIXOOULJRURXVGHULYDWLRQ,Q
>@ WKLV ILHOGZDV REWDLQHG LQ D JHQHUDO IRUP IRU UHODWLYLVWLF TXDQWXP SDUWLFOHVZLWK DUELWUDU\
VSLQ$OWKRXJKWKHQRWLRQRIJDXJHILHOGIRUSKRWRQVZDVPHQWLRQHGDQXPEHURIWLPHVLQSDSHUV
GHDOLQJZLWK%HUU\SKDVHWKHRU\WKHILUVWULJRURXVGHULYDWLRQRIWKLVILHOGGLUHFWO\IURP0D[ZHOO
HTXDWLRQVE\JHQHUDO GLDJRQDOL]DWLRQ DQG WRSRORJLFDO VSLQ WUDQVSRUWDSSURDFKKDVEHHQGRQH LQ
WKHSUHVHQWSDSHUDSSDUHQWO\IRU WKHILUVW WLPH,WFDQEHVDLGWKDWWKHUHVXOWVRI6HFSUHVHQWD
FRPSOHWH DGLDEDWLF DQG VHPLFODVVLFDO WKHRU\ RI WKH WRSRORJLFDO VSLQ WUDQVSRUW RI SKRWRQV DQG
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